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1. Introduction 

A long tradition of inquiry seeks sufficient sets of conditions on morphisms 
between algebras of measures on locally compact groups in order that the 
groups are topologically isomorphic to each other. In case the morphism 
is an algebra isomorphism between measure algebras on locally compact 
abelian groups (LCA groups), the LCA groups are topologically isomorphic 
to each other provided that the given isomorphism is also isometric. Kalton 
and Wood [2] proved the same conclusion under the additional weaker as- 
sumption that the norm of the algebra isomorphism is less than a/2 and 
showed that the constant is the best possible. It had already been known 
that the measure algebras are algebraically isomorphic to each other if and 
only if there exists a piecewise affine homeomorphism between the dual 
groups of the underlying LCA groups ([U 4.6.4, 4.7.7]), and in fact there 
are several non-isomorphic LCA groups between the dual groups of which 
piecewise affine homeomorphisms exist (cf. jU Theorem in 4.7.7]). Further- 
more measure algebras on any discrete groups with the same cardinality 
are isometrically isomorphic as Banach spaces to each other. These circum- 
stances reveal that the algebraic structure nor the structure as a Banach 
space of the measure algebra alone do not encode completely in the group 
structure of the underlying LCA groups. 

In this paper we propose criteria for the equivalence of LCA groups from 
another point of view; the metrical structure of an open subgroup of the 
group of the invertible measures in the measure algebra. We show as the 
main result in this paper that the coincidence of the metric structures of 
those open subgroups guarantees the coincidence of the structure of the 
underlying LCA groups. 

Throughout the paper Gj is a locally compact abelian group for j — 1, 2 
with the group operation denoted by the symbol + and the unit element 0. 
The measure algebra on Gj is denoted by M(Gj) and the ideal of all ab- 
solutely continuous measures with respect to the Haar measure is L l (Gj). 
Note that L l (Gj) is identified with the algebra of all complex- valued inte- 
grable functions with respect to the Haar measure on Gj. The continuous 
character on Gj is denoted by (-,7) and the dual group of Gj is denoted 
by Gj. For a measure /1 in M(Gj), the Fourier-Stieltjes transform of /i is 
denoted by (x and M(Gj) — {/t : \i G M(Gj)}. It is well-known that M(Gj) 
is a unital semisimple commutative Banach algebra. The Gelfand trans- 
form of fi G M(Gj) is denoted by T(/i). The dual group Gj is embedded 
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naturally in $m(Gj) an d r(/x) = fi for every fi G M(Gj) (cf. [31 p. 309]). For 
an x G Gj, 5 X denotes the Dirac measure at x. 



While the representation through the Gelfand transform of complex iso- 
morphism between unital semisimple commutative complex Banach alge- 
bras is quite popular, the author first remark that he was unable to find the 
description of the general form of surjective real-algebra isomorphisms be- 
tween those algebras. We begin with a statement on the form of the Gelfand 
transform. For the completeness we also give a proof of the statement. 

Theorem 2.1. Let A and B be unital semisimple commutative (complex) 
Banach algebras with the unit ca and e# respectively. Suppose that S is 
a surjective real-algebra isomorphism from A onto B. Then there exists 
a homeomorphism \1/ from onto <&a such that the Gelfand transform 
T(S{aj) for a £ A has the form 



where $ B+ = {0 G $ B : T(S(ie A )((f)) = i}. 

Proof. To begin the proof, first observe that S(eA) = &b is rather trivial 
since S is surjective and T is injective. It is easy to check that T(S(ieA)) 
takes the values i or — i for (S^ie^)) 2 = — eg. Therefore the sets and 
$b_ = {</)£ $b : r(5'(ieA))(0) = —i} are possibly empty disjoint closed 
and open subsets of as T(S(ieA)) is continuous, and U = 
Note that $ B \ &b+ = $b- ■ 

To define the function \I/ : — > <&a, consider in two cases: 

G 5>_b+; G $_b_. First, let G <&b+- The functional o 5 on A is multi- 
plicative and real-linear, and also non-trivial for 0(S'(e J 4)) = 1. It requires 
only easy computation to verify that (f)oS(ia) = 4>oS{ieA)(i> S(a) = i(poS(a) 
holds for every a £ A, ensuring that <poS is complex- linear as is already real- 
linear. Next considering the second case where G $b_, it can be checked 
in a way similar to the first case that o S gives a non-trivial multiplicative 
complex linear functional on A. Therefore 
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is a well-defined map from into &a- Rewriting the equation ( 12.2ft we 
obtain for each a G A 

fW(0)(a), if0G$ B + 
(2-3) 0(5(a)) = J 

[*(0)(a), if0G$B- 
and due to the definition of the Gelfand transform to get 

(T(a)o if0G$ B+ 

(2.4) r(£(a))(0=| 

[r(a)o^(0), if0G$B-, 

which is the desired form. 

We assert \& is the desired homeomorphism from onto First 
observe that \1/ is surjective. Let ip G We will find out (p G with 
\l/(</5) = Applying the Silov idempotent theorem there is v G B such 
that r(u) = 1 on and r(t>) = on By a simple calculation 

T(S{ieA)v) = T(S(ieA))T(v) = iT(v) hold as T(v) = 1 on $ B+ and T(v) 
vanishes on hence S(ieA)v = iv holds for T is injective. We obtain 

(2.5) tS~\v) = S-^SiieA^S' 1 ^) = S~\S(ie A )v) = S'^iv), 

as S^ 1 is multiplicative. Since v 2 = v holds and also 5* _1 is multiplicative, 
ipiS' 1 ^)) = 1 or 0. 

Suppose that ^(S" 1 ^)) = 1. Put (p : B — > C as <p(b) = <^(iS' -1 (&)) for 
each b E B. Then ^ is real-linear, multiplicative and <p(e B ) = 1. Applying 
the equation (12.51) 

= V (iS-\v))0(b) = i<p{S- x {v)){p{b) = i(p{b) 

holds for every b G B. This implies that (p G $£. It requires only elementary 
calculation to check that <p(S(ieA)) = i, hence <p G For every a £ A 

^f((fi)(a) — (p o S(a) = <p(a) 

holds, hence = (p. 

Suppose next that v?(S'~ 1 (t')) = 0. In this case ^(S 1-1 ^ — v)) = l holds. 
Put if : B — > C as 0(b) = <^(5 f— 1 )6) for b G B in this case. Then <p is 
multiplicative, real-linear and <p(e B ) = 1. Since T(eb — v) = 1 on $b_ and 
r(ee — i>) vanishes on ^(S(ieA)(e B — u)) = — «r(e£ — u) holds, so that 
S(ieA)(eB — v) = —iie B — v) holds. Hence 

iS~ 1 (e B - v) = S~ 1 (S(ie A )(e B - v)) 

= S~ 1 (-i(e B -v)) = -S~ 1 (i(e B -v)) 
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hold, whence 

(p{ib) = <p(S-i(ib)) = p(S-i(e B - v)) V (S-i(ib)) 

= ipiS-^iieB-v^ipiS-^b)) = cp(-iS-\e B -v))<f(b) 

= iip{S- 1 {e B - v))(p{b) = i<p(b) 

hold for every b G B. It turns that <p is complex- linear and (p G We 
also have 

<p(S(ie A )) = ^(S-^SiieA))) = <p(ieA) = -i, 
hence (p G Furthermore 

^{(p){a) = <poS(a) = <p(a) 

holds for every a G A, hence ^(<p) = (p. With the observation for the case 
where ip{S~ 1 {v)) = 1 we conclude that \& is surjective. 

We claim that \P is injective. Let 0i and 2 be different points in $5. 
Then there exists b G B with 0i(&) = and 2 (6) = 1. It requires 
only a simple calculation due to the definition of \l/ that ^{(f>i){S~ l {b)) 7^ 
^(0 2 )(5" 1 (6)), whence ^ #(0 2 ). 

A proof of the continuity of ^ is as routine as follows. Suppose that 
G $_b and a net {0 a }in <3>s converges to 0. The two sets §b+ arid $b_ 
are closed and open, so there is no serious loss of generality we may assume 
that {(f) a } C $b+ if G $b+ and {<p a } C $ B _ if G Then 

^(0 Q )(a) = a (S(a)) 0(5(a)) = *(0)(a) 

if G and 

*(0 a )(a) = a (5(a)) -)> Q (,S(a)) = *(0)(a) 

if G hold for every a G A. We conclude that the net {\l/(0 a )} 

converges to ^(0) since the Gelfand topology on $b is the weak topology 
induced by T(B). Hence ^ is continuous. We assert that the injective 
continuous surjection \1/ is a homeomorphism as is compact and $^ is a 
Hausdorff space. □ 

3. The main result 

For a measure algebra M(G) on a LCA group G, M{G)~ 1 denotes the 
group of all invertible elements in the algebra M(G). If G\ and G2 are 
discrete LCA groups with the same cardinal number and ir is any bijection 
from G2 onto G\. In this case M(Gj) coincides with L 1 (G J ) and / — > 
/ o 7r defines a isometrical linear isomorphism from L 1 (G 1 ) onto L 1 (G 2 )- In 
general this linear isomorphism need not be an algebra isomorphism. The 
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structure as a Banach space of the measure algebra does not encode in the 
group structure of the underlying LCA group, although the structure as a 
Banach algebras does. Since the invertible elements are clearly related to 
the multiplication, and the metric structure of an open sets encodes the 
linear structure of the algebra (cf. the local Mazur-Ulam theorem), there 
arises the natural question of whether and how the metric structure of an 
open subgroup of M(G) -1 encodes the group structure of G. The following 
is the main result in this paper. 

Theorem 3.1. Let Aj be an open subgroup of M(Gj)~ l for j = 1,2. Sup- 
pose that T is a surjective isometry from Ai onto A2 ■ Then T is extended 
to a surjective either complex or conjugate linear isometry, say Tjj, from 
M(Gi) onto M(G 2 ) and T(5o) -1 Xj/ is an either complex or conjugate al- 
gebra isomorphism. Furthermore G\ is topologically isomorphic to G 2 as a 
topological group. 

Proof. Since M(Gj) is a unital commutative Banach algebra which is also 
semisimple [21 p. 309], T is extended to a real linear isometry Tjj from M(G\) 
onto M{G 2 ) by [U Theorem 3.1]. Denoting S = T(5o)~ 1 Tu it is a surjective 
isometric real algebra isomorphism by jU Theorem 3.3]. Due to Theorem 
12.11 there exists a homeomorphism \1/ from $m(g 2 ) on t° ®m(Gi) such that 
the Gelfand transform T(S(fj,)) for \x G M{G\) has the form 

fr(»o#(0), if^GA 

(3.1) nmm = { 

|r(/i)ott(0), if 0G$ A/(G2) \A, 

where A = {</> G $m(g 2 ) : T(S(i5 ))((t)) = i}. Note that T(S(i5 )) takes 
the values i or — i since (r(S , (z(5 ))) 2 = -T(5 ) = —1 on $m(g 2 ) anc ^ hence 
&m(g 2 ) \ K = {0 ^ ®m(g 2 ) : r(5(«5o))(0) = It is well-known that 

Gj C $ M{Gj) and V{v) = v on Gj for every v G M(Gj) (cf. p.309]). 
Letting G 2 + = K (~)G 2 and G 2 — = ($m(g 2 ) \ A) H G 2 we have 

fs(/I)(0), \{<PEG~ 2 + 

(3.2) r(^o^) = | 

for every /x G M((?i) and G G 2 by rewriting the equation (J3TTJ) . 

We observe that G 2 + or G 2 — is empty. Assume contrary that G 2 + 7^ 
and G 2 — ^ we will arrive at a contradiction. Put 

J=±(-iS(i6 ) + 6 Q ), 
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where the firstly appeared 5q in the right-hand side of the equation denotes 
the Dirac measure on G\ at the identity elements of G\ while the second 
So is the Dirac measure on Gi at the identity element of of G2- It is easy to 
check that J is the idempotent measure in M(G2) in the sense that J 2 = J 
and that || J\\ < 1 since S is an isometry. By the theory of commutative 
Banach algebras the inequality ||J||oo < \\J\\ holds for the supremum norm 
|| • Hoc on and J = 1 on G2+ ensures that || J\\ = 1. 

By a simple computation due to the definition of J the set {0 G G2 : 
J(4>) = 1} coincides with G2+, and is an open coset in G2 by [U 3.2.4]. In 
the same way applying Sq — J instead of J we see that G2— is also an open 
coset in G2- These observations imply that there are two possible cases: i) 
G G2+, that is, G2+ is an open subgroup ; ii) G G2— , that is, G2 — 
is an open subgroup. Suppose G G 2 +- There is an open subgroup H 
of G2 and G G2- with G2- = <f> + H. Since (0 + G~ 2 +) H gT 2 + = 0, 
+ G2+ C G2— = <p + H hold, hence G2+ C H is obtained. On the other 
hand G2 - C\H = for £ so that if C G2+ and if = G2+ holds. 

We conclude that G 2 - = + G*2+ for a G Cj2 — if G G*2+- I n the same 
way, if G G 2 ~, then G 2 + = 0' + for a 0' G G 2 +. 

We claim that there exists and x\ G G2 such that 

£(0) = 

We show only for the case where G G2+ but a proof for the case where 
G G2— is similar. We have already learnt that G2 — is open and G2— = 
+ G2+. Therefore G2+ is a closed subgroup of G2 and 

G2/G2+ — Z2, 

where Z2 = Z/2Z for the discrete group of the integers Z. Then 
(3.3) (G2/G2+) =Z^ = Z 2 . 




Applying the celebrated duality theorem of Pontryagin the annihilator A 
of G2+ is {x G G2 '■ {x, 0) = 1 for V0 G G2+} and it is isomorphic to 
(G2/G2+) by [U Theorem 2.1.2], and is isomorphic to Z2 by ( 13. 3p . Then 
A is a two-point set. Let X\ be the unique non-zero element of A. Since 



&xi(<p) = j (-x,<p)d5 xl (x) = (xi,ip), (f G G 2 , 

5 xi (ip) = 1 if and only if (xi,<p) = 1 for if G G 2 - Since (0,(p) = 1 for 
any </? G G 2! G G 2 is in the annihilator of the annilator A if and only if 
^i(0) — 1- As the annihilator of A is G2+ itself by jU Lemma 2.1.3], we 
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conclude that 5 X1 (4>) = 1 is and only if £ G 2 +- On the other hand S X1 
takes the value 1 and —1 for (S X1 ) 2 = S X1+X1 = S . It follows that 

(3.4) M0) = ! 1 ' if0 ^ + 

v ! lVr; [-1, if0£G 2 -. 

Put u 01 = S +iS Xl £ M(G 2 ) and/ioi = S^Voi)- Then ||/i i|| = H-S^VoOII = 
|| ^ oi || = 2 for S* is a real-linear isometry and the norm of the measure is 
defined by the total variation. Substituting this /ioi in the equation (13.21) 
we have 

^ ^ W if0£G 2 - 

by the equations So = 1 on G2 and (13.41) . If f (G 2 ) D Gi will be claimed, then 
yUoi = 1 + ion Gi will follow and it will imply /i i = (1 + i)So by the unique- 
ness theorem for the Fourier-Stieltjes transform, which will be a contradic- 
tion since ||)Uoi|| — ||(l+*Mo|| — V%- To prove $(62) D Gi we now need the 
inclusion S(L 1 (Gi)) C L 1 (G2)- For the proof of the inclusion S(L 1 (Gi)) C 
L 1 (G2) define a deformed map 5 of S and show that S(L l (Gi)) = L l (G2) 
first. For a measure /1 £ M(Gj), let the measure /} in M(Gj) be defined as 
/i(-E) = n{—E) for every measurable subset E of Gj (cf. [U p. 105]). Note 
that jl — p, on Gj. Recall that J = ^(—iS(iS ) + S ) is an idempotent. 

Since J is a real-valued function the equations J = J = J holds, hence 
J = J by the uniqueness theorem for Fourier-Stieltjes transforms. Let the 
map 3 : M(G l ) ->■ M(G 2 ) be defined as S(ji) = JS(fi) + ((S ^lj(S(n)) 
for each \i £ M[G\). Recall that J = 1 on G 2 + and J = on G 2 — . To- 
gether with the observation that ((S — J)S([i)) is the complex conjugate of 
(S — J)S(fi) on G 2 and the equation (13. ip we have by a simple computation 
that 

<^(0) = T(/i) o $(0), £ M(Gi), £ G2 

holds. By the uniqueness theorem for the Fourier-Stieltjes transform S is a 
complex algebra homomorphism. Furthermore S is injective and surjective. 
A proof is as follows. Let /x, // £ M(G±) and S^/i) = S(fi'). If £ G2+, 
then 

= J5oT)(0) = 5g5(0), 
l(y)(0) = j^)(0) = 5(?)(0), 

for J = 1 and (<5 - J)" = on G 2 +. If £ G 2 -, then 



5(n)(<l>) = ((6 -J)S(iM))(<j>) = S(v)(<P), 



s(»>)(<f>) = ((So - J)S(n'))(cj>) = smw, 
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Therefore S(fi) = S(fi') on G2, hence S(fx) = S(fjf) and /x = // for 5 is 
injective. This implies that S is injective. To prove the surjectivity of S let 
v G M(G 2 ). Put v= Jv + {(5^J)u) and p, = S' 1 ^). Then 

= JS(p) + ({Sq ^J)S(fi)) = Ju+ ((5 ^J)(P)) 

= J(Ju + {(87^J)v)) + (5 - J){Jv + ((6^J)v)) = v. 

hold and the surjectivity of S is observed. The above observations imply 
that S is a complex algebra isomorphism from M(Gi) onto MiG^). Apply- 
ing Theorem 4.6.4 in [I] S{L l {G{)) = L l (G2) is derived. It is easy to check 
by a simple calculation that S = JS + ((5 — J)S) holds. Since L 1 (G 2 ) is 
an ideal of M((?2) and closed under the operation ~ we have the inclusion 
S(L 1 (Gi)) c L\G 2 ). _ _ 

Now we prove that ^(G^) D Gi by applying the inclusion above. Let 
ip G G l . Since *($ M(G2) ) = $ A / (Gl ) and G x C $m(Gi), there is m G $m(g 2 ) 
with \l/(m) = </?. Choose an / G such that /(</?) 7^ 0. Such an 

/ G exists for tp G Gi. Then S(f) is in L 1 (G2) and the equation 

rfQff \\f \ J r (/)°*M> ifmeK 
T(S(f) (m ) = < —— 

I r(/) o tfr(m), if m G $a/(g 2 ) \ # 

/O), if m G if 
/((/.), if m G $ M(f?2) \ K. 

hold. The above second equality follows by the equation r(/) — f on G\. 
Hence T(S(f))(m) ^ 0. Since T(g) = on $ M (G 2 )\G^ for every g G L 1 ^) 
(cf. [31 p. 365]), we obtain that m G G 2 for £(/) is in L 1 (G2). Therefore 
we conclude that ^^2) D Gi hold as is desired. As is already pointed out 
before we soon arrive at a contradiction proving that one of G2+ or G2— is 
empty. 

Suppose that G 2 — is empty. Considering G G 2 in the equation ( 13. ip 
S(fi)(<f>) = o *£(</)) follows. Hence S preserves the complex scalars by 
the uniqueness theorem for the Fourier-Stieltjes transform. We conclude in 
this case that T{5q)~ 1 Tu is an isometrical complex algebra isomorphism and 
Gi is topologically isomorphic to G2 by Theorems 4.6.4 and 4.7.1 in [4]. 

Suppose that G2+ is empty. Then as in a similar way as above T(5q)~ 1 Tjj 
is an isometrical conjugate algebra isomorphism. Then (T(5 ) -1 Tiy) gives an 
isometrical complex algebra isomorphism form M(Gi) onto M(G2), hence 
Gi is topologically isomorphic to G2 as before. □ 
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